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1. Äèôôåðåíöèðîâàíèå ñëîæíûõ ôóíêöèé

Ïóñòü âåêòîðû x ∈ Rm è u ∈ Rr , äèôôåðåíöèðóåìàÿ

âåêòîð-ôóíêöèÿ G (x , u) çàäàåò îòîáðàæåíèå
G : Rm ×Rr → Rm è îïðåäåëÿåò ñèñòåìó, ñîñòîÿùóþ èç m
íåëèíåéíûõ ñêàëÿðíûõ óðàâíåíèé:

G (x , u) = 0m, (1)

ãäå 0s åñòü s-ìåðíûé íóëåâîé âåêòîð.

Ââåäåì êâàäðàòíóþ ìàòðèöó ßêîáè ïîðÿäêà m:

Gx>(x , u) =



∂G 1(x , u)

∂x1
. . .

∂G 1(x , u)

∂xm

∂G 2(x , u)

∂x1
. . .

∂G 2(x , u)

∂xm
. . . . . . . . .

∂Gm(x , u)

∂x1
. . .

∂Gm(x , u)

∂xm


.
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Ïðè îïðåäåëåííûõ ïðåäïîëîæåíèÿõ èç ñèñòåìû (1) ìîæíî

îïðåäåëèòü ôóíêöèþ x(u) (â îáùåì ñëó÷àå ìíîãîçíà÷íóþ)

òàêóþ, ÷òî

G (x(u), u) = 0m. (2)

Èç óñëîâèÿ (2) ñëåäóåò, ÷òî ïîëíàÿ ïðîèçâîäíàÿ ôóíêöèè G ïî

u äîëæíà áûòü ðàâíà íóëþ, ò.å.

dG (x(u), u)

du>
= Gx>(x(u), u)xu>(u) + Gu>(x(u), u) ≡ 0mr , (3)

ãäå 0γβ � ïðÿìîóãîëüíàÿ íóëåâàÿ ìàòðèöà γ × β.
Òðàíñïîíèðîâàííàÿ ê íåé ìàòðèöà ðàçìåðà r ×m îáîçíà÷àåòñÿ

x>u(u). Â íåêîòîðûõ ñëó÷àÿõ óäîáíî èñïîëüçîâàòü ôîðìóëó (3)

â òðàíñïîíèðîâàííîé ôîðìå; òîãäà

dG>(x(u), u)

du
= x>u (u)G>x (x(u), u) + G>u (x(u), u) = 0rm. (4)
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Òåîðåìà (î íåÿâíîé ôóíêöèè)

Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

à) ñóùåñòâóåò ïàðà [x∗, u∗] ∈ Rm×r òàêàÿ, ÷òî G (x∗, u∗) = 0m;
á) âåêòîð-ôóíêöèÿ G (x , u) íåïðåðûâíî äèôôåðåíöèðóåìà â

îêðåñòíîñòè òî÷êè [x∗, u∗];
â) êâàäðàòíàÿ ìàòðèöà G>x (x∗, u∗) íå âûðîæäåíà.

Òîãäà íàéäóòñÿ îêðåñòíîñòè Γ(x∗) ⊂ Rm è Γ(u∗) ⊂ Rr

ñîîòâåòñòâåííî òî÷åê x∗ è u∗ òàêèå, ÷òî íà Γ(x∗)× Γ(u∗)
ñèñòåìà (1) îäíîçíà÷íî îïðåäåëÿåò íåÿâíóþ

äèôôåðåíöèðóåìóþ ôóíêöèþ x(u), êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì

ñèñòåìû (1), è ìàòðèöà ïåðâûõ ïðîèçâîäíûõ xu>(u)
óäîâëåòâîðÿåò ëèíåéíîé ñèñòåìå (3) ïðè âñåõ u ∈ Γ(u∗).

Èç íåâûðîæäåííîñòè G>x (x∗, u∗) ñëåäóåò, ÷òî ìàòðèöà
G>x (x(u), u) òàêæå íå âûðîæäåíà â íåêîòîðîé îêðåñòíîñòè

òî÷êè u∗, ãäå ñèñòåìà (3) îäíîçíà÷íî ðàçðåøèìà:

xu>(u) = − [Gx>(x(u), u)]−1 Gu>(x(u), u).
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Îïðåäåëåííóþ â òåîðåìå 1 ôóíêöèþ x(u) ïîäñòàâèì â

ôóíêöèþ W (x , u), â ðåçóëüòàòå ïîëó÷èì ñëîæíóþ ôóíêöèþ

Ω(u) = W (x(u), u).

∇Ω(u) =
dΩ(u)

du
= Wu(x(u), u)−

−N(u)︷ ︸︸ ︷
G>u (x(u), u)

[
G>x (x(u), u)

]−1
Wx(x(u), u)︸ ︷︷ ︸

−p (u)

.
(5)

Åñëè êâàäðàòíàÿ ìàòðèöà G>x (x(u), u) íå âûðîæäåíà, òî ìîæíî
îïðåäåëèòü ìàòðèöó N(u) è âåêòîð p (u) ïî ôîðìóëàì

N(u)︸ ︷︷ ︸
r×m

= x>u (u) = [xu>(u)]> = −G>u (x(u), u)︸ ︷︷ ︸
r×m

[
G>x (x(u), u)

]−1

︸ ︷︷ ︸
m×m

,(6)

p (u)︸︷︷︸
m×1

= −
[
G>x (x(u), u)

]−1

︸ ︷︷ ︸
m×m

Wx(x(u), u)︸ ︷︷ ︸
m×1

. (7)
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Èñïîëüçóÿ ýòè ïðåäñòàâëåíèÿ, ôîðìóëó (5) ïåðåïèøåì äâóìÿ

ðàçëè÷íûìè ñïîñîáàìè:

∇Ω(u) = Wu(x(u), u) + N(u)Wx(x(u), u), (8)

∇Ω(u) = Wu(x(u), u) + G>u (x(u), u)p (u). (9)

Çäåñü è íèæå â ðÿäå ìåñò óäîáíî îáúåäèíÿòü äâà âåêòîðà x è u
â îäèí âåêòîð z ∈ Rn, ãäå n = m + r . Áóäåì èñïîëüçîâàòü

ñëåäóþùèå îáîçíà÷åíèÿ:

z =

[
x
u

]
, z(u) =

[
x(u)
u

]
,

G (z) = G (x , u), Gz> = [Gx> | Gu> ],

W (z) = W (x , u), Wz> = [Wx> |Wu> ].

(10)
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Çàäà÷ó íåëèíåéíîãî ïðîãðàììèðîâàíèÿ (ÍËÏ) çàïèøåì â âèäå

W∗ = min
z∈Z

W (z). (11)

Äëÿ çàäà÷è (11) ââåäåì âåêòîð ìíîæèòåëåé Ëàãðàíæà p ∈ Rm

è ôóíêöèþ Ëàãðàíæà

L(z , p) = W (z) + p>G (z) = L(x , u, p). (12)

Ñîãëàñíî ïðèíÿòûì îáîçíà÷åíèÿì ìîæíî çàïèñàòü

Lx(x(u), u, p) = Wx(x(u), u) + G>x (x(u), u)p(u),

Lu(x , u, p) = Wu(x , u) + G>u (x , u)p.

Èñïîëüçóÿ ôîðìóëó (9), ïîëó÷èì

∇Ω(u∗) = Wu(x∗, u∗) + G>u (x∗, u∗)p∗ = Lu(x∗, u∗, p∗). (13)

Þ.Ã. Åâòóøåíêî, Ì.À.Ïîñûïêèí, Â. È. Çóáîâ, À.Ô.Àëáó



Âû÷èñëåíèå ïåðâûõ ïðîèçâîäíûõ â ñëó÷àå

ìíîãîøàãîâûõ ïðîöåññîâ

Â ìíîãîøàãîâûõ çàäà÷àõ âåêòîðû x è u îáû÷íî ñîñòîÿò èç

íàáîðîâ k âåêòîðîâ ìåíüøèõ ðàçìåðíîñòåé, ÷åì âåêòîðû x è u:

x> = [x>1 , x
>
2 , . . . , x

>
k ], u> = [u>1 , u

>
2 , . . . , u

>
k ],

xi ∈ Rs , ui ∈ Rρ, 1 ≤ i ≤ k ,
x ∈ Rm, u ∈ Rr , m = ks, r = kρ.

(14)

Ïóñòü óñëîâèå ñâÿçè (1) ðàñùåïëåíî íà k ñîîòíîøåíèé

ñëåäóþùèì îáðàçîì:

xj = F (j ,Xj ,Uj), j ∈ D, (15)

Â ìíîãîøàãîâûõ óïðàâëÿåìûõ ïðîöåññàõ îáû÷íî xi � ôàçîâûé

âåêòîð, ui � âåêòîð óïðàâëåíèé, x � ïîëíûé ôàçîâûé âåêòîð,

x ∈ Rm, u � ïîëíûé âåêòîð óïðàâëåíèé, u ∈ Rr .
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Äëÿ êàæäîãî j ∈ D ââåäåì äâà èíäåêñíûõ íàáîðà Qj è Sj ,
ñîäåðæàùèå èíäåêñû âñåõ âåêòîðîâ xi è ui , ïðèíàäëåæàùèõ
ñîîòâåòñòâåííî íàáîðàì Xj è Uj :

Qj = {i ∈ D : xi ∈ Xj}, Sj = {i ∈ D : ui ∈ Uj}.

Íà j-ì øàãå ìíîæåñòâî Q
j
îïðåäåëÿåò íîìåðà âñåõ òåõ øàãîâ

i ∈ D, äëÿ êîòîðûõ xj ∈ Xi . Äëÿ êàæäîãî j ââåäåì ñîïðÿæåííûå

èíäåêñíûå íàáîðû

Q j = {i ∈ D : xj ∈ Xi}, S j = {i ∈ D : uj ∈ Ui}.

Ñ ïîìîùüþ ââåäåííûõ èíäåêñíûõ ìíîæåñòâ ìîæíî çàïèñàòü

Xj = {xi : i ∈ Qj}, X
j

= {xi : i ∈ Q
j
},

Uj = {ui : i ∈ Sj}, U
j

= {ui : i ∈ S
j
}.
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Ôóíêöèÿ Ëàãðàíæà äëÿ ìíîãîøàãîâîãî ïðîöåññà (15) èìååò âèä

L(x , u, p) = W (x , u) +
∑
j∈D

[F>(j ,Xj ,Uj)− x>j ]pj . (16)

Âìåñòî ôóíêöèè Ëàãðàíæà óäîáíî ââåñòè íîâóþ

âñïîìîãàòåëüíóþ ôóíêöèþ

E (x , u, p) = W (x , u) +
∑
j∈D

F>(j ,Xj ,Uj)pj . (17)

Òîãäà ñîîòíîøåíèÿ (13) ïðåäñòàâèìû â ñëåäóþùåé

êàíîíè÷åñêîé ôîðìå, âåñüìà óäîáíîé äëÿ çàïîìèíàíèÿ è

ðàñ÷åòîâ:

xi = Epi (x , u, p) = F (i ,Xi ,Ui ), (18)

pi = Exi (x , u, p) = Wxi (x , u) +
∑
j∈Q i

F>xi (j ,Xj ,Uj)pj ,(19)

dΩ(u)

dui
= Eui (x , u, p) = Wui (x , u) +

∑
j∈S i

F>ui (j ,Xj ,Uj)pj .(20)
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Âåêòîð xi ïðåäñòàâëÿåò ñîáîé âûõîäíîé âåêòîð, åñëè èíäåêñíîå

ìíîæåñòâî Q
i
ïóñòî. Â ýòîì ñëó÷àå ñîãëàñíî (19) âåêòîð pi

ÿâíî íå çàâèñèò îò äðóãèõ êîìïîíåíò âåêòîðà p è âûðàæàåòñÿ

òîëüêî ÷åðåç x è u ïî ôîðìóëå

pi = Wxi (x , u). (21)

Íà ïîñëåäíåì øàãå ÿâíîãî ïðîöåññà (15) ìû ïîëó÷àåì âåêòîð

xk , êîòîðûé íå ïðèíàäëåæèò íè îäíîìó èç ìíîæåñòâ Xj ,

1 ≤ j ≤ k ; ýòî îçíà÷àåò, ÷òî xk � âûõîäíîé âåêòîð ïðîöåññà

(15). Èç ôîðìóëû (21) èìååì

pk = Wxk (x , u). (22)
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Òåîðåìà

Ïðåäïîëîæèì, ÷òî:

1) âñå îòîáðàæåíèÿ F (j ,Xj ,Uj), 1 ≤ j ≤ k , è ñêàëÿðíàÿ

ôóíêöèÿ W äèôôåðåíöèðóåìû ïî x è u;
2) ìíîãîøàãîâûé ïðîöåññ (15) ÿâíûé.

Òîãäà âñå âåêòîðû pi îäíîçíà÷íî îïðåäåëÿþòñÿ èç

ðåêóððåíòíûõ ñîîòíîøåíèé (19) è (22) è

pi =
∂W i (x1, x2, . . . , xi , u)

∂xi
, 1 ≤ i ≤ k . (23)

Î÷åâèäíî, ÷òî Yij = 0ss ïðè j < i . Åñëè i = j , òî Yij = −Is .
Ñëåäîâàòåëüíî, Yij � âåðõíÿÿ òðåóãîëüíàÿ ìàòðèöà, è

óðàâíåíèå (19) ìîæåò áûòü ïåðåïèñàíî ñëåäóþùèì îáðàçîì:

pi = Wxi (x , u) +
k∑

j=i+1
F>xi (j ,Xj ,Uj)pj =

Wxi (x , u) +
∑
j∈Q j

F>xi (j ,Xj ,Uj)pj , 1 ≤ i ≤ k .
(24)
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Äèôôåðåíöèðóÿ ïî xi è ïðèìåíÿÿ öåïíîå ïðàâèëî

äèôôåðåíöèðîâàíèÿ, ïîëó÷èì

∂W i (x1, x2, . . . , xi , u)

∂xi
=Wxi (x , u)+∑

j∈Q i

F>xi (j ,Xj ,Uj)
∂W j(x , u)

∂xj
, 1 ≤ i ≤ k .

(25)

Îáîçíà÷èì

Ē (x , u, p) = W (x , u) +
∑
j∈D

Φ>(j ,Xj ,Uj)pj .

Òîãäà óðàâíåíèÿ äëÿ îïðåäåëåíèÿ èìïóëüñîâ è ïðèâåäåííûé

ãðàäèåíò ôóíêöèè W çàïèøóòñÿ â âèäå

dΩ(u)

dui
= Ēui (x , u, p) = (26)

= Wui (x , u) +
∑
j∈S̄i

Φ>ui (j ,Xj ,Uj)pj . (27)
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Äèôôåðåíöèðîâàíèå ýëåìåíòàðíûõ ôóíêöèé

Ââåäåì âåêòîð x ∈ Rk ïðîìåæóòî÷íûõ (âñïîìîãàòåëüíûõ)

ôàçîâûõ ïåðåìåííûõ. Âû÷èñëåíèå çíà÷åíèÿ ôóíêöèè f (u)
áóäåì ïðåäñòàâëÿòü êàê k-øàãîâûé âû÷èñëèòåëüíûé ïðîöåññ

x1 = F (1,X1,U1), x2 = F (2,X2,U2), . . . , xk = F (k ,Xk ,Uk),
(28)

Ââåäåì ñêàëÿðû pj ∈ R1, j ∈ D, è îïðåäåëèì ôóíêöèþ

E (x , p, u) = xk +
k∑

j=1

F (j ,Xj ,Uj)pj .

pi =
∑
j∈Q i

F>xi (j ,Xj ,Uj)pj , 1 ≤ i ≤ k − 1, pk = 1,(29)

∂f (u)

∂ui
=

∑
j∈S i

F>ui (j ,Xj ,Uj)pj , 1 ≤ i ≤ k . (30)
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Òåîðåìà

Ïðåäïîëîæèì, ÷òî:

1) f (u) � ñêàëÿðíàÿ ýëåìåíòàðíàÿ äèôôåðåíöèðóåìàÿ ôóíêöèÿ

âåêòîðíîãî àðãóìåíòà u ∈ Rr ;

2) àðèôìåòè÷åñêèå äåéñòâèÿ è âû÷èñëåíèå îñíîâíûõ

ýëåìåíòàðíûõ ôóíêöèé è èõ ïðîèçâîäíûõ ïðîèçâîäÿòñÿ òî÷íî;

3) âðåìÿ âû÷èñëåíèÿ ïðîèçâîäíîé êàæäîé îñíîâíîé

ýëåìåíòàðíîé ôóíêöèè íå áîëüøå, ÷åì óäâîåííîå âðåìÿ

âû÷èñëåíèÿ çíà÷åíèÿ ýòîé ôóíêöèè.

Òîãäà ãðàäèåíò ôóíêöèè f , íàéäåííûé ïî ôîðìóëàì (29) è

(30), îïðåäåëÿåòñÿ òî÷íî è îòíîøåíèå R = Tg/T0 îãðàíè÷åíî

ñâåðõó ÷èñëîì 3.
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Ïðèìåð. Ðàññìîòðèì ïðîñòåéøóþ ýëåìåíòàðíóþ ôóíêöèþ

f (u) = eu1+u2 + sin(u1 + u2)2.

Âû÷èñëåíèå çíà÷åíèÿ ýòîé ôóíêöèè ïðåäñòàâëÿåì êàê

ìíîãîøàãîâûé ïðîöåññ âèäà

xj = F (j ,Xj ,Uj)

x1 = u1 + u2, X1 = ∅, U1 = [u1, u2]
x2 = ex1 , X2 = [x1], U2 = ∅
x3 = (x1)2, X3 = [x1], U3 = ∅
x4 = sin x3, X4 = [x3], U4 = ∅
x5 = x2 + x4, X5 = [x2, x4], U5 = ∅

W = x5 = f (u).

èíôîðìàöèîííûé

x-ãðàô
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Ââåäåì ìíîæèòåëè Ëàãðàíæà p1, . . . , p5 è îïðåäåëèì ôóíêöèþ

E (x , u, p) = x5+p1(u1+u2)+p2e
x1 +p3(x1)2+p4 sin x3+p5(x2+x4).

Ñîãëàñíî

pi = Wxi (x , u) +
∑
j∈Q i

F>xi (j ,Xj ,Uj)pj

ìíîæèòåëè Ëàãðàíæà íàõîäÿòñÿ èç ñëåäóþùèõ óñëîâèé:

p1 = p2e
x1 + 2p3x1,

p2 = p5,
p3 = p4 cos x3,
p4 = p5,
p5 = 1.

ðàñ÷åòíûé p-ãðàô

Ïîýòîìó ôîðìóëà (30) ïðèâîäèò ê ñëåäóþùåìó ðåçóëüòàòó:

Eu1 = p1 = eu1+u2 + 2(u1 + u2)cos(u1 + u2)2 =
= ∂f (u)/∂u1 = ∂f (u)/∂u2.

(31)
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Ïðèíöèï ìàêñèìóìà Ë.Ñ. Ïîíòðÿãèíà

Ïóñòü óïðàâëÿåìûé ïðîöåññ îïèñûâàåòñÿ ñèñòåìîé

îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

ẋ = f (t, x , u), T1 ≤ t ≤ T2, (32)

ãäå ôàçîâûé âåêòîð x ∈ Rn, âåêòîð óïðàâëåíèÿ u ∈ Rr .

Ðàññìîòðèì çàäà÷ó Ìàéåðà îá îòûñêàíèè íà ôèêñèðîâàííîì

èíòåðâàëå äâèæåíèÿ T̃ äîïóñòèìîãî êóñî÷íî-íåïðåðûâíîãî

óïðàâëåíèÿ u(t) ∈ U ⊂ Rr , äîñòàâëÿþùåãî ìèíèìóì

òåðìèíàëüíîìó ôóíêöèîíàëó

J = min
u∈U

W (x(T2)), (33)

ãäå W (x) � çàäàííàÿ ôóíêöèÿ.
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Ââåäåì âåêòîð p ∈ Rn, óäîâëåòâîðÿþùèé ñèñòåìå

îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ñîïðÿæåííîé

ñèñòåìå)

ṗ = −f >x (t, x , u)p (34)

ñ ãðàíè÷íûì óñëîâèåì

p(T2) = Wx(x(T2)), (35)

ãäå p(t) � èìïóëüñ (ñîïðÿæåííûé âåêòîð). Îïðåäåëèì ôóíêöèþ

Ïîíòðÿãèíà

H(t, x , u, p) = 〈f (t, x , u), p〉.
Â ñëó÷àå, êîãäà f íå çàâèñèò ÿâíî îò t (ñèñòåìà àâòîíîìíàÿ),
áóäåì ïèñàòü H(x , u, p) = 〈f (x , u), p〉. Â ïîäðîáíîé ôîðìå

çàïèñè ïðèâåäåííûå ôîðìóëû èìåþò âèä

d

dt
pi (t) = −

n∑
j=1

∂f j(t, x , u)

∂x i
pj(t), 1 6 i 6 n,

H(t, x , u, p) =
n∑

j=1

f j(t, x , u)pj .
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Òåîðåìà (ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà)

Ïóñòü âåêòîð-ôóíêöèÿ f (t, x , u) íåïðåðûâíà ïî ñîâîêóïíîñòè

àðãóìåíòîâ è íåïðåðûâíî äèôôåðåíöèðóåìà ïî x íà

T̃ ×Rn × U, ôóíêöèÿ W (x) íåïðåðûâíî äèôôåðåíöèðóåìà ïî

x íà Rm. Ïóñòü u∗(t) � îïòèìàëüíîå óïðàâëåíèå â çàäà÷å (33),
x∗(t), p∗(t) � ñîîòâåòñòâóþùèå òðàåêòîðèÿ è èìïóëüñ,

óäîâëåòâîðÿþùèå äèôôåðåíöèàëüíûì óðàâíåíèÿì (32) è (34)
è êðàåâûì óñëîâèÿì. Òîãäà ïðè âñåõ t ∈ T̃ ′ âûïîëíåíû
ñëåäóþùèå óñëîâèÿ:

1) â òî÷êå u∗(t) äîñòèãàåòñÿ ìèíèìóì ôóíêöèè

H(t, x∗(t),w , p∗(t)) ïî w ∈ U, ò.å.

u∗(t) ∈ Arg min
w∈U

H(t, x∗(t),w , p∗(t)); (36)

2) åñëè ñèñòåìà (32) àâòîíîìíàÿ, òî ôóíêöèÿ

H(x∗(t), u∗(t), p∗(t)) ïðèíèìàåò ïîñòîÿííîå çíà÷åíèå ïðè âñåõ

t ∈ T̃ .
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Äèñêðåòíûé ïðèíöèï ìàêñèìóìà

Ðàññìîòðèì äèñêðåòíûé âàðèàíò ñèñòåìû. Âîñïîëüçóåìñÿ

ïðîñòåéøåé ñõåìîé èíòåãðèðîâàíèÿ ïî ìåòîäó Ýéëåðà

xi+1 = xi + hf (ti , xi , ui ). (37)

Åñëè âåêòîð-ôóíêöèÿ f è ôóíêöèÿ W äèôôåðåíöèðóåìû ïî x ,
òî

pi = pi+1 + hf >x(ti , xi , ui )pi+1, pk = Wx(xk), 1 ≤ i ≤ k − 1.

Åñëè ôóíêöèÿ f äèôôåðåíöèðóåìà ïî u, òî ïî ïðàâèëó
äèôôåðåíöèðîâàíèÿ ñëîæíîé ôóíêöèè íàõîäèì

dW̃ (xi+1(ui ))

dui
=
∂x>i+1

∂ui

dW̃ (xi+1(ui ))

dxi+1
=

= hf >ui (ti , xi , ui )pi+1(xi+1(ui )) = Hui (ti , xi , ui , pi+1(xi+1)),

ãäå H(ti , xi , ui , pi+1) = hf >(ti , xi , ui )pi+1.
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×èñëåííûå ìåòîäû ðåøåíèÿ çàäà÷ îïòèìàëüíîãî

óïðàâëåíèÿ

Ïóñòü óïðàâëÿåìûé ïðîöåññ îïèñûâàåòñÿ ñèñòåìîé (32).

Ñîñòàâèì ñîïðÿæåííóþ ñèñòåìó (34). Ïîïûòàåìñÿ íà îñíîâå

ïðèíöèïà ìàêñèìóìà ðåøèòü ïðîñòåéøóþ çàäà÷ó Ìàéåðà. Ïðè

ôèêñèðîâàííîì íàáîðå x∗(t), p∗(t) èç óñëîâèÿ (36) íàéäåì

òî÷å÷íî-ìíîæåñòâåííîå îòîáðàæåíèå

u∗ = θ(t, x∗(t), p∗(t)), (38)

íà êîòîðîì ôóíêöèÿ Ïîíòðÿãèíà H(t, x∗, u, p∗) äîñòèãàåò
ìèíèìóìà ïî u ∈ U. Ïîñëå ïîäñòàíîâêè (38) â óðàâíåíèÿ (32) è

(34) ïîëó÷èì ñèñòåìó èç 2n îáûêíîâåííûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé äëÿ n-ìåðíûõ âåêòîð-ôóíêöèé x∗(t), p∗(t):

ẋ∗ = f (t, x∗, θ(x∗, t, p∗)),

ṗ∗ = −f >x(t, x∗, θ(x∗, t, p∗))p∗.
(39)
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Äëÿ ýòîé ñèñòåìû n óñëîâèé çàäàíî â íà÷àëüíûé ìîìåíò T1

(íà ëåâîì êîíöå òðàåêòîðèè) è n óñëîâèé â êîíå÷íûé ìîìåíò

T2 (íà ïðàâîì êîíöå òðàåêòîðèè):

x∗(T1) = x1, p∗(T2) = Wx(x∗(T2)). (40)

Òàêèì îáðàçîì, ðåøåíèå èñõîäíîé çàäà÷è ôîðìàëüíî ñâåäåíî ê

ðåøåíèþ êðàåâîé çàäà÷è äëÿ ñèñòåìû èç 2n
äèôôåðåíöèàëüíûõ óðàâíåíèé. Åñëè ðåøèòü ýòó çàäà÷ó, ò.å.

îïðåäåëèòü ôóíêöèè x∗(t), p∗(t), óäîâëåòâîðÿþùèå ñèñòåìå
(39) è óñëîâèÿì (40), òî îïòèìàëüíîå óïðàâëåíèå u∗(t) äëÿ
èñõîäíîé çàäà÷è äîëæíî íàõîäèòüñÿ ñðåäè ôóíêöèé,

ïðåäñòàâèìûõ â âèäå (38).
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Áàçèñíàÿ çàäà÷à ÎÓ ìîæåò áûòü çàïèñàíà ñëåäóþùèì

îáðàçîì. Óïðàâëÿåìûé ïðîöåññ îïèñûâàåòñÿ ñèñòåìîé

îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé:

dx

dt
= f (t, x , u, ξ), T1 ≤ t ≤ T2, (41)

ãäå âåêòîð ñîñòîÿíèÿ x ∈ Rn, óïðàâëåíèåì ÿâëÿåòñÿ

êóñî÷íî-íåïðåðûâíàÿ ôóíêöèÿ u, ïðèíèìàþùàÿ çíà÷åíèÿ èç

äîïóñòèìîãî ìíîæåñòâà U ⊂ Rr .
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Íà÷àëüíîå óñëîâèå â (41) ôèêñèðîâàíî, ïîýòîìó x(t) áóäåò
îáîçíà÷àòü ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (41) ñ

íà÷àëüíûì óñëîâèåì x(T1) = x1. Ñ÷èòàåì, ÷òî U � êîìïàêòíîå

ìíîæåñòâî â ïðîñòðàíñòâå Rr . Âåêòîð ïàðàìåòðîâ ξ ∈ V ⊂ Rs .

Åñëè âûáîð T1, T2 è íà÷àëüíîãî ñîñòîÿíèÿ x1 ñëåäóåò

îïòèìèçèðîâàòü, òî ìû âêëþ÷àåì èõ â âåêòîð ξ.
Çàäà÷à ñòàâèòñÿ ñëåäóþùèì îáðàçîì: íàéòè óïðàâëåíèå

u(t) ∈ U è âåêòîð ïàðàìåòðîâ ξ ∈ V , êîòîðûå ìèíèìèçèðóþò

ôóíêöèîíàë W (x(T2), ξ), ïðè íàëè÷èè �ñìåøàííûõ�

îãðàíè÷åíèé íà âåêòîðû ñîñòîÿíèÿ, óïðàâëåíèÿ è âåêòîð

ïàðàìåòðîâ:

g(t, x(t), u(t), ξ) = 0α, q(t, x(t), u(t), ξ) ≤ 0β, T1 ≤ t ≤ T2.
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Îò íåïðåðûâíîé ñèñòåìû (41) ïåðåéäåì ê äèñêðåòíîé ñèñòåìå.

Âîñïîëüçóåìñÿ ñàìîé ïðîñòîé äèñêðåòíîé àïïðîêñèìàöèåé

ñèñòåìû (41), êîòîðàÿ çàäàåòñÿ ôîðìóëîé Ýéëåðà

xi+1 = xi + hi f (ti , xi , ui , ξ) = F (ti , xi , ui , ξ), (42)

ãäå

k−1∑
i=1

hi = T2 − T1, 0 < hi , t1 = T1, tk = T2, ti+1 = ti + hi ,

1 ≤ i ≤ k − 1. Ïðè ýòîì íåïðåðûâíîå óïðàâëåíèå u(t)
çàìåíÿåòñÿ êóñî÷íî-ïîñòîÿííûì, îãðàíè÷åíèÿ âäîëü

òðàåêòîðèè (42) ó÷èòûâàþòñÿ òîëüêî â òî÷êàõ äèñêðåòèçàöèè:

g(ti , xi , ui , ξ) = 0α, q(ti , xi , ui , ξ) ≤ 0β, 1 ≤ i ≤ k (43)

è â êîíå÷íûé ìîìåíò äâèæåíèÿ (43).
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Ïîëíûé ôàçîâûé âåêòîð x> = [x>1 , . . . , x
>
k ] ÿâëÿåòñÿ ôóíêöèåé

ïîëíîãî âåêòîðà óïðàâëåíèé u> = [u>1, u
>

2, . . . , u
>
k−1] è

âåêòîðà ïàðàìåòðîâ ξ. Ýòó çàâèñèìîñòü, îïðåäåëÿåìóþ
ôîðìóëîé (42), îáîçíà÷èì ÷åðåç x(u, ξ). Ôóíêöèîíàë èñõîäíîé

çàäà÷è W (x(T2)) çàìåíÿåòñÿ ôóíêöèåé W (xk), ãäå xk åñòü

ñëîæíàÿ ôóíêöèÿ u è ξ. Êàæäîìó i-ìó øàãó ïðîöåññà (42)
ñòàâèì â ñîîòâåòñòâèå âåêòîð pi . Âñïîìîãàòåëüíàÿ ôóíêöèÿ E
èìååò âèä

E (t, x , u, ξ, p) = W (xk , ξ) +
k−1∑
i=1

F>(ti , xi , ui , ξ)pi+1.
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Äèñêðåòíûé âàðèàíò çàäà÷è ñîñòîèò â ìèíèìèçàöèè W (xk , ξ)
ïî ui ∈ U, 1 ≤ i < k , è ξ ∈ V ïðè íàëè÷èè ñìåøàííûõ

îãðàíè÷åíèé (43). ×òîáû ïðèìåíèòü ãðàäèåíòíûå ìåòîäû HËÏ,

íåîáõîäèìî íàéòè ôîðìóëû äèôôåðåíöèðîâàíèÿ öåëåâîé

ôóíêöèè. Íàõîäèì, ÷òî âñå âåêòîðû pi ∈ Rn è ïðîèçâîäíûå

ñëîæíîé ôóíêöèè Ω(u, ξ) = W (xk , ξ) âû÷èñëÿþòñÿ ïî

ôîðìóëàì

pi = pi+1 + hi f
>
xi (ti , xi , ui , ξ)pi+1,

pk = Wxk (xk , ξ), 1 ≤ i ≤ k − 1,

dΩ

dui
= hi f

>
ui (ti , xi , ui , ξ)pi+1, 1 ≤ i ≤ k − 1,

dΩ

duk
= 0,

dΩ

dξ
= Wξ(xk , ξ) +

k−1∑
i=1

hi f
>
ξ(ti , xi , ui , ξ)pi+1.

(44)
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Ïåðåõîäÿ ê ïðåäåëó ïðè hi → 0, k →∞, èç (44) íàõîäèì, ÷òî

ôóíêöèÿ p (t) óäîâëåòâîðÿåò ñëåäóþùèì äèôôåðåíöèàëüíûì

óðàâíåíèÿì:

ṗ = −f >x(t, x , u, ξ)p, p(T2) = Wx

(
x(T2), ξ

)
. (45)

Ìû ïðèõîäèì ê ñîïðÿæåííîìó óðàâíåíèþ. Ýòî óðàâíåíèå

èíòåãðèðóåòñÿ â îáðàòíîì íàïðàâëåíèè îò t = T2 äî t = T1.

Åñëè ñèñòåìà (41) æåñòêàÿ, òîãäà öåëåñîîáðàçíî èñïîëüçîâàòü

íåÿâíûå ñõåìû èíòåãðèðîâàíèÿ. Íàïðèìåð, ïðèìåíåíèå

íåÿâíîé ñõåìû Ýéëåðà ïðèâîäèò ê ôîðìóëå

xi = xi−1 + hi f (ti , xi , ui , ξ), 2 ≤ i ≤ k. (46)

Þ.Ã. Åâòóøåíêî, Ì.À.Ïîñûïêèí, Â. È. Çóáîâ, À.Ô.Àëáó



Çäåñü ïðèõîäèòñÿ ðåøàòü ñèñòåìó íåëèíåéíûõ óðàâíåíèé íà

êàæäîì øàãå èíòåãðèðîâàíèÿ, òåì íå ìåíåå øàã

èíòåãðèðîâàíèÿ hi â (46) ìîæíî áðàòü ìíîãî áîëüøèé, ÷åì â

(42). Èç (19) ïîëó÷àþòñÿ ñëåäóþùèå äèñêðåòíûå ñîïðÿæåííûå

óðàâíåíèÿ:

pi = pi+1 + hi f
>
xi (ti , xi , ui , ξ)pi , 2 ≤ i ≤ k − 1,

pk = Wxk (xk , ξ) + hk f
>
xk (tk , xk , uk , ξ)pk .

Ñëåäîâàòåëüíî, âñå âåêòîðû pi íàõîäÿòñÿ èç íåÿâíîé ñèñòåìû

ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, è ôîðìóëû äëÿ

âû÷èñëåíèÿ ãðàäèåíòà ïðèíèìàþò âèä

dΩ

dui
= hi f

>
ui (ti , xi , ui , ξ)pi , 2 ≤ i ≤ k ,

dΩ

du1
= 0.

Â ïðåäåëå ïðè hi → 0, k →∞ ìû ïîëó÷àåì òó æå ñîïðÿæåííóþ

ñèñòåìó, ÷òî è (45).
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Â íåêîòîðûõ ïóáëèêàöèÿõ ãðàäèåíòû íàõîäÿòñÿ èç íåîáõîäèìûõ

óñëîâèé îïòèìàëüíîñòè ïóòåì äèñêðåòèçàöèè èñõîäíîé è

ñîïðÿæåííîé ñèñòåì. Â ýòîì ñëó÷àå, îäíàêî, ìîãóò âîçíèêíóòü

íåêîòîðûå ïîãðåøíîñòè. Äåéñòâèòåëüíî, åñëè ìû îäíîâðåìåííî

ïî ñõåìå Ýéëåðà äèñêðåòèçèðóåì ñèñòåìû îáûêíîâåííûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé (41) è (45), òî ïîëó÷èì (42) è

pi+1 = pi − hi f
>
xi (ti , xi , ui , ξ)pi , 1 ≤ i ≤ k − 1.

Òîãäà èñêîìàÿ ïðîèçâîäíàÿ áóäåò èìåòü âèä

dΩ

dui
= hi f

>
ui (ti , xi , ui , ξ)pi .

Ýòè âûðàæåíèÿ íå ñîâïàäàþò ñ (44) è, ñëåäîâàòåëüíî,

ãðàäèåíò, ïîëó÷åííûé ïî ýòèì ôîðìóëàì, íåâåðåí. Åñëè øàã

èíòåãðèðîâàíèÿ hi ìàë, òî ðàçëè÷èå ìåæäó ýòèì è òî÷íûì

âûðàæåíèåì (44) ÿâëÿåòñÿ âåëè÷èíîé ïîðÿäêà O(h2
i ). Íî

ïîãðåøíîñòü â âû÷èñëåíèè ãðàäèåíòà íåæåëàòåëüíà, îñîáåííî â

ñëó÷àÿõ, êîãäà èñïîëüçóþòñÿ ÷óâñòâèòåëüíûå àëãîðèòìû

ìèíèìèçàöèè èëè êîãäà âåëè÷èíà øàãà hi íåäîñòàòî÷íî ìàëà.
Þ.Ã. Åâòóøåíêî, Ì.À.Ïîñûïêèí, Â. È. Çóáîâ, À.Ô.Àëáó


