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OnepaTopHO-PA3HOCTHAA CXEMa

Apoenan H.B., Kocmauesckui K.B." Mamemamuueckoe mooenuposarue" .
M. MI'YV, 1993, ¢.25-44

JlarpankeBa, HesiBHas1, Ha TPEYTOJIbHOM CETKE IEPEMEHHOU
CTPYKTYPBHI, MOJTHOCTHbIO KOHCEPBATUBHASA

MeTton onopHbIX onepatopoB (Camapckuii) — CeTOUHBIC
aHaJIOTU OCHOBHBIX AU((DHEepeHINaTbLHBIX ONEPaTOPOB:

GRAD (ckamsp) (uddepenmmansusin ~ GRAD (Ckamsp) (cetounsiii anasor)
DIV(BekTop) (mbdepennmansusii) ~ DIV (BEKTOP) (cerounsrii anaor)
CURL(BekTop) (mddepenumansurii ~ CURL(BEKTOP) (cerounsrii ananor)
GRAD((BekTop) (mudpdepernmmansurii ~ GRADBekTop) (ceTounsiii ananor)
DIV(ten3op) quddepermmansurii ~ DIV(TeH30p) (ceTounsiit ananor)

HESBHAS cxema => orpaHnyeHus Ha IIar no BpeMEHHU ciadee,
yeM B siBHOM cxeMe (HeT ycnoBus Kypanra).

Cxema JlarpaHxxeBa=> aBTOMATHYECKOE COXPAHEHUE YTJIOBOIO MOMEHTA.



OO01Me CBOMCTBA CKAISIPHBIX, BEKTOPHBIX U TEH30PHBIX (DYHKIIMI
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HekoTopsie onpeneneHus

Define linear operators V", V- and @. in the fol-
lowing form:

3
1
(v& -v) ;- = 3V ;NUH (ViR 41 + vigr Rip10), (2)

K
1 F
(v}:ﬂﬁ) — 3. E -Mﬁ:fﬁm P E B?;}.,D, Tj € Wy {3)
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where leJz =7r;, + TJ-E;"Z,

240 T %51 Y .
Njy iz = is a normal vector to the segment

Tiy — Tig

(515 %352,
Ni' = —(NjeRjx + Njrs1Rjk41),
r
Nq = {Nq.q—HRq,q-l—l + N —l.qRq,q—l}-



Introduce also the grid operator V. in the following form:

VE=p+py € Bap, PEBAG Py € Bypo:

v}('ﬁﬁ:{

v‘:{ﬂp_i'@‘rp‘r‘: Ej € Wy,
V. 'p, T; € Wy \Wsy.

The operator V 4 is a grid analog for the differential op-
erator div, V is a grid analog for grad. The following
relation is valid for the introduced operators:

{vxl}ﬁv)x + {?ﬂ -V,P)a = ("I*TF-“ “1}'?

where p € Bﬂﬂ?m v € Byx1, py € By, vy € By 1.
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OnepaTopHO-pa3HOCTHAS CXEMa JIJIsl YPAaBHEHUM TMIPOAUHAMUKH

piVy = p’Vi =m;, VA €wa
Xt = uj':']'ﬂj', VI; € wy
pivnje = —(Vxg); — Qﬁj(sx(va@))j: VI; € wy
picis = —gi(Va -u®®) , VA €wa
g =P{&] +w, w= _%ﬂh VA; € wa

m=1/pi=Ti/p:;, ei=Ti/(y—1), VL;Ewa
(v}i ) vﬂ.@}j = fy,
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OnepaTopHO-paHOCTHAs cxema IJisi ypaBHeHUU MI'/]
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OOmas cxema npuMeHeHus: HesiBHOTo MI'J] meToa

(Camapckuit, [ToroB)

Bremuue nrepanun (Meton HeroTroHa)

[IpoMexkyTOUHBIE UTEpALTUN
JlmHaMu4yeckas MaruauvTHas
> DHepreTud. rpyIrma
I'pylIiiia r'pylIiiia ET D
> y Uy
P,V B.E.g
BryTpenHue nrepanuu BryTtpeHHue BiiyTpernne ureparum
HUTCpannu
YpaBHEHHE
COCTOSAHUA
J-1mar > J+1-mar > |+2-mar

OmnepaTopsl CaMOCONPSKEHHBIE

P&Bpe)KeHHBIe mMarpuibl CUMMCTPHUYHEI,
IMMOJIOKUTCIIBHO OIMPECACIICHBI

Martpuibl 00paImarTcs METOIOM COMPSDKEHHBIX TPaIeHTOB(UTEPAIHOHHBIN).



= IlepecTponka ceTku

Cc
. InemenmapHas nepecmpotixa. ceszo BD BBOAUTCS BMECTO
ces3u AC . OO11iee KOJIMYECTBO Y3JIOB U STYE€EK HE MEHSETCS.

Jlobaesnernue y3na Ha cepeduHy cessu.

A y3en E nobasinsercs k cymectByromum y3iam ABCD

Ha cepenuny cBsizu BD , nosiBnsitoTes 2 cBsizu
AE u EC, o011ee yncio siueek yBeIMYMBACTCS Ha 2 SYCHKM.

Yoanenue yzna: yzen E ynansercs u3 cetku, oOree
YUCJIO AYEEK YBEIMUMBACTCA HA 2 SYEHKHU.



NHTepnonasauua ceToOYHbIX (PYHKIUS HA HOBYIO CETKY
(1oxanabHas):

Cnenyert nenath KoHcepsamugHo. Y CIOBHasi MUHMMU3aUs (PyHKIIMOHAJIOB.

Q.. . — IUIOTHOCTh Ha CTapoil CTPYKTYPE,
Q_. — IIIOTHOCTh Ha CTapoii CTp-pe, HHTEPIOIUPOBAHHAS HA HOBYIO CTPYKTYDY,

P, ~— IIIOTHOCTb HA HOBOW CTPYKTYpe.
OCHOBHOM (DYHKIIMOHAJ:

, _ 2
m|_n F (pnew,i ) - (pnew,i = Pintj )
i1=1,N

IIpHU YCJ_IOBI/H/I:

Zvold,kpold,k = Zvnew,i Prewj = M= cCONSt
< i

(yclioBUE COXpaHEHUS MACChI)
Crapas ¢popma (pyHKIHOHAIA!

mE F (lonew,i ) = a(lonew,i - IOint,i )2 + (1_ a)(gradpnew,i )_ grad@int,i )2)

i=1,N

He paboraeT Ha yaapHbEIX BOJIHAX®



Kputepuu agantanyuy CETKH

flpx, grad py) = af(pr +€) + B/(|gradp| +€), (5)

where 0 < e <<1, a>0, 320  a+ =1 Inthe
limiting cases:
a=1,08=0, f is a grid function of the density only;
a =008 =1, fis a grid function of the density

gradient only.

Introduce function:

Let si be the area of triangle cell number k. S is the
TIME= 1.356753

[Ipumep npuUMeHEeHUsI KPUTEPHUEB:

area of the whole computational domain, so that
N
S = Z Sk
k=1

Introduce restrictions on the length of the cell side as
a criterion for dynamic grid adaptation. Consider the for-
mula for the characteristic length I of the side of an equi-
lateral triangle of area s). as a function of the density, the
density gradient and (implicitly) the r, z coordinates:

I.k: — 9 Ill%k, 8 = Nf(pk: gr&d Pﬁ;) S-_. (6}
Z f(ﬁn1 grad pﬂ}

n=1
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[IpruMep 3BOJIFOIIMK TPEYTOJIBHOU CETKH
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POLE

Kounaric ObIcTpoBpallaloierocs: XoJoIHoro

| | POTO3BE3AHOTO O0JIaKa
N.V.Ardeljan, G.S.Bisnovatyl-Kogan, K.V.Kosmacheisk.G.Moiseenko A&ASS, 1996, 115,573

HauanpHoe cocTosiHuE. o = Ei, [|Eg, | = 0.00425, 8 = E,o /| Eg | = 0.324,

TIME= 0.040000
Density contours TIME= 0.040000
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Konnanc ObICTpOBpalaroIerocs X0Ja0JHOI0 IMIPOTO3BE3AHOr0 00I1aKa
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CBEPXHOBBIE C KOJUIATICUPYIOIIAM SIIPOM
Cepxnossle Tumna b, Ic, |l
B3pbIB CBEPXHOBOM — CMEPTh 3BE3/IHI.
OcTatok B3pbIBa — HEMTPOHHAsA 3BE€3/1a, YEpHAas JbIpa.
Kommarnc xene3noro saapa. Henrponuzanusi.
HevitpruHHOE uU3nydeHue.

DHeprus B3pbiBa cBepxHoBoii ~ 10(51)spr(!)

OOBsicCHEHME MEeXaHU3Ma B3PbhIBa CBEPXHOBBIX C
KOJUIAIICUPYIOIIKUM SIAPOM — OJTHA M3 aKTyaJIbHBIX 3a/1a4y aCTPO(U3HUKHU.



Magnetorotational mechanism for the supernova exmoBisnovatyi-Kogan
(1970)(original article was submitte8eptember 3, 1969

Amplification of magnetic fields due to differential rotation, angular momentum
transfer by magnetic field. Part of the rotational energy is transformed to the energy
of explosion

First 2D calculations: LeBlanck&Wilson (1970) )(omgil article was submitted:

September 25, 19§9>too large initial magnetic field&,,5-E, .= axial jet

Bisnovatyi-Kogan et al 1976, Meier et al. 1976, Ardeljan et al.1979Mueller & Hillebrandt 1979,
Symbalisty 1984, Ardeljan et al. 2000, Wheeler et al. 2002, 2005, Yamada & Sawai 2004,
Kotake et al. 2004, 2005, 2006, Burrows et al.2007, Sawai, Kotake, Yamada 2008...

It is popular now!
The realistic values of the magnetic field arg; E<E ., ( B .JE;7~ 10%-10%9)
Small initial magnetic field-is the main difficultyfor the numerical simulations.

The hydrodynamic time scale is much smaller than thgnetic field amplification
time scaleif magnetorotational instability is neglected).

Explicit difference schemeasan notbe applied. (CFL restriction on the time-step).
Implicit schemeshould be used.



Basic equationdMHD +self-gravitation, infinite conductivity:

%:u,d—pﬂodivu =0,

dt dt

p@:—gra{p+ H j+ 1 divH UH )- pgrad
dt 8ir 4

.

p%+ pdivu+ pF(p,T)=0,p=P(o.T)e=E(o.T),

AD = 471Gp,
d (H j ~ Additional condition divH=0
p—| — | =H u.
| dt\ p
. 0 - _
AXIS symmetry (a_ =0 ) and equatorial symmetry (z=0) arpmsed.
4 Notations:
d

p = % +u,x =(r,@,z)u — velocity,0 — densityp— pressure

H — magneticfield® — gravitational potential;- ternalenergy,
G — gravitational constant.



Boundary conditions
Axial symmetry

r=0:u =u,=H, =H, =rotH =rotH =0,

Equatorial symmetry

u =H. =0, Quadrupole field
z=0: or
u = aBZ =0, Dipole field
‘0z
Outer boundarnP=p=T=H_ = ®&  ,=H,

(from Biot-Savart law)



Presupernova Core Collapse

Equations of state take into accodegeneracy of electrons and neutrons,
relativity for the electrons, nuclear transitions amdlear interactions.
Temperature effects were taken into account apprataly by the

addition of radiation pressure and an ideal gas

Neutrino losses were taken into account in the ensgggtions.

A cool white dwarf was considered at the stabilityilivath a mass equal
to the Chandrasekhar limit.

To obtain the collapse we increase the density at gaiah by 20% and
we also impart uniform rotation on it.



Equations of statGapproximation of tables)
4

P=P(p,T) = Ry(p) + 0Tp+— 7

po(l) — b_L,05/3 (1+ C1,01/3), fOI’,O < 0 )
PX =alox9 9" forp, < p< o k=26. £,(p)= jpo(

X) dx.

2

F’o(p)={

0

T-Tr J Fe —dis-

4

ol E-
+ gFe lT ’ (] = )

N eut” NO IOSSGSJRCA processes, pair annihilation, photo productiorof neutrino, plasma neutrino

URCA: f (p,T) =1.300° y(T) /[1+ (7.100° o/ T )2*]erg [ &

sociation

e=&(p,T)=¢,(p) +gDT +

1T <7,

A(T) =466431+51.024T —20),7<T < 20,
66431T > 20,
App;roximation of tables from Ivanova, Imshennik, Naglyin,1969

F(,O,T) = f (p,T)e"V neutrino diffusion

T=T00"




Initial state

M =1.2042M _ , spherically symmetrical stationary state, initiagjatar velocity 2.519 (1/sec)

5p2/3

0.00001000 ( 0.00000035sec)

Initial temperature distribution T

Density
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Maximal compression state

TIME= 4.12450792 ( 0.14246372sec)

Max. density = 2.5-18g/cn?

Density
271862
220078
207133
194187
TIME= 4.12450792 ( 0.14246372sec) 181201
168295
155350
142404
. 116512
_ 103566
207133 N0.01 90620.7
07 121;21 64729.2
0.0075 51783.4
o 168295 25891.9
. 155350 12946.1
142403 0.005 607.295
05 11651
103566 150.542
o 90620.7 00025:,\mu,f 0.341389

64729.2

51783.4

25891.9

12946.1
N O

0.3

0.2 ol
307.362
150.542

0.1 0.341389

0 0.25 0.5 0.75



Neutron star formation in the center and formabobthe

shock wave

TIME= 4.12450792 ( 0.14246372sec)
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Mixing

5.29132543 ( 0.18276651sec)

TIME=

5.29132543 ( 0.18276651sec)

TIME=

Bounce shock wave does not

(

produce SN explosion



Angular velocity(central part of the computational
domain). Rotation iglifferential

TIME= 4.15163360 ( 0.14340067sec)

357.283
310.745

e —— | , 203.484

‘ AN 276.224

0.006 “ = & 258.963
: o | 241.703

: o 224.442

207.181

189.921

172.66

155.399

138.139
120.878
103.618
86.3569
69.0963

0.004 N | 51.8356

34.575

N ' < =N 17.3144

0.002




Distribution of the angular velocity

= The period of rotation of the young neutron
200 star is about 0.001- 0.003 sec
>150 Rapidly rotating
S
(@)
E pre-SN
‘;;;100 Crab pulsar P=33ms —
< i rapid rotation at birth
50 :— Core collapse
i In binaries
B | | | | | | | | | | |

0.



Initial magnetic field

L

A Outer H:}_[J XSRdv,
boundar  ¢° R

Biot-Savart law
J¢_ > (H r? H z)

Initial poloidal
magnetic field
IS divergence free,
BUT not balanced.

» \We have to balance lit.




Initial magnetic field guadrupoldike symmetry

Ardeljan, Bisnovatyi-Kogan, SMVINRAS 2005, 359, 333
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Toroidal magnetic field amplification

pink — maximum_1 of Hf*2 blue— maximum_2 of Hf"2
Maximal values of Hf2.5 -10(16)G

TIME= 0.00000779 ( 0.00000027sec)

0.02
0015

001k

0 - 0.01 ~ 002

After SN explosion at the border of neutron staRHE"“G



Specific angular momentumy,

TIME= 0.00000779 ( 0.00000027sec)

Temperature and velocity field

TIME= 0.00000779 ( 0.00000027sec)




Time evolution of different types of energies
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Time evolution of the energies
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Time evolution of the energies

Neutrino losses (ergs) Neutrino luminosity (ergs/sec)
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Ejected energy and mass

Ejected energy0.6 [L0°*erg  Ejected mass 0.14)/

Particle is considered tjected —
If its kinetic energy is greater than its potentialenergy
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Magnetorotational supernova in 1D

Bisnovaty-Kogan et al. 1976, Ardeljan et al. 1979

e L (= E22) S

central core

explosion =
Examp|62 a=10"= 1:explosion _ 10’ %“-\\ -

a=10" =t =10°1

explosion

FIG. 3. Shape of a field line in the region near the core at the time ty =17
for o = 10~ (dashed line) and a = 104 (solid line).



. . . Ema _
Magnetorotational explosion for the differert —-=107-10"
gravO
Magnetorotational instabilityy mag. field grows exponentially
(Dungey 1958,Velikhov 1959, Chandrasekhar, Balbusafvidy 1991,
Spruit 2002, Akiyama et al. 2003...)
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EmagO

EgravO

Dependence of the explosion time frabh =

texpiosion =~ ~109(Q)  (for smalla)

a=10°=t ~ 6,

explosion

Example:

a=10" =t ~12

0.35 explosion
0.3
025
02
015}
01¢f
005}

texplnsinn , SEC

.”J-i..'-.'




Magnetorotational instability

Central part of the computational domain . Formation of the MRI.

TIME= 34.83616590 ( 1.20326837sec) TIME=35.08302173 ( 1.21179496sec)

0.014 F 0.014 f
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N.00s N.008
0.007 0.007
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0.002 0.002

TIME= 35.26651529 ( 1.21813298sec) TIME= 35.38772425 ( 1.22231963sec)
0.014 0.014 N v\
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'8.008
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Toy model for MRI in the magnetorotational super@mov

ddHt Hr(r‘i—?); at the initial stage of the procesg, <H’ : Hr(r‘z—?j-zconst

beginning of the MRI => formation of multipf@loidal differentially rotating
dH, _ (dcqv
—L=H,

vortexes g4 dl

j, In general we may approximaEeEiﬂ| ] ~ a'(H¢ - HE)_
dl

Assuming for the simplicity théts)=A  iganstant during the first stages of MRI, and
takingn; as a constant we come to the follovaggation:

d2
ZA_ ZA U

(H - ng: AH,.a(H, —H))

( — U ’\/AaHrO(t_tD)

\ ., 7 “ \\
O Q g < 3/2 12
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Magnetorotational explosion for tligoolelike magnetic field

TIME= 31.60366286 (
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1.09161519sec)
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TIME= 31.60366286 ( 1.09161519sec)

Z
LI [ L I I

TIME= 31.60366286 ( 1.09161519sec)

angmom

0.419527
0.384769
0350011
0315253
0.280496
0245738
0.21098
0.176222
0.141464
0.106706
0.0719484
0.0371906
0.00243275
-0.0323251
-0.0670829

o
N
I

P
)

Enthropy

3.32478E+08
2.37531E+08
1.69699E+08
1.21237E+08
8.66152E+07
6.18802E+07
4.42089E+07
3.1584E+07

2.25645E+07
1.61207E+07
1.1517E+07

8.22808E+06
5.87836E+06
4.19966E+06
3.00035E+06




Ejected energy and massgole
Ejected energyg 0.5 CPerg Elected mass 0.14)

Particle is considered tjected —
If its kinetic energy is greater than its potentialenergy
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The main difference of bounce shock and neutrimgedr
mechanisms from magnetorotational superne==> magnetic field
works like a piston. This/HD piston supports the supernova MHD
shock wave for some time

3D features of MR supernova simulations

eLagrangian grid (tetrahedrons) method requiresugat grid reconstruction near
protoneutron star surface (due to differentialtrotg =>violation of the solution
eUnstructured grid (Dirichlet sells) — construction3® grid of Diriclet cells is
expensive

*SPH (Smooth Particle Hydrodynamicspeor spatial accuraggoncentration of
particles near gravitational center.

Optimal:

Eulerian scheme with Automatic Mesh Refinement prisgimate MHD Riemann
solvers (problems with degeneration of eigenvecamd eigenvalues)
Finite-difference schemes (e.g. central numericlaésesKurganov& Tadmor,
Ziegler).



Cassiopea Asupernova with jetdN example
of the magnetorotational supernova
(Hwang et al. ApJL, 2004, 615, L1}7

1 million seconds
Chandra servey of



Conclusions

Magnetorotational mechanism (MRM) produces
enough energy for the core collapse supernova.

The MRM Is weakly sensitive to the neutrino
cooling mechanism.

MR supernova shape depends on the configuration
of the magnetic field and is always asymmetrical.

MRI developes in MR supernova explosion.

One sided jets and rapidly moving pulsars can
appear due to MR supernovae.

3D simulations of MR supernova are necessary.
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